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Abstract—The Stokes approximation is used to theoretically investigate the effect of the medium on the ther­
mocapillary drift of a heated droplet inside which nonuniformly distributed heat sources are operative. The 
droplet drift proceeds in a viscous incompressible liquid under conditions of arbitrary temperature differences 
between the particle surface and a region away from it. The problem is solved in view of the exponential-power 
form of the temperature dependence of viscosity. In the process of solving the hydrodynamic equations, ana­
lytical expressions are derived for the thermocapillary force acting on the droplet. It is demonstrated that, in the 
approximation applied, the droplet retains its spherical shape. Numerical estimates indicate that the motion of 
the medium affects considerably the magnitude of the thermocapillary force.
FORMULATION OF THE PROBLEM
We treat a steady-state motion o f a liquid droplet 
with the viscosity |i,. inside which nonuniformly dis­
tributed heat sources (sinks) o f power qt are operative. 
The droplet is suspended in another viscous liquid 
which is immiscible with the droplet and fills the entire 
space. At infinity, the liquid is at rest; a constant tem­
perature gradient (VI )  is preassigned.
Following are the differences between our formula­
tion o f the problem and that made in [1-6]: (1) the 
motion is treated under conditions o f arbitrary temper­
ature differences between the droplet surface and the 
region away from it, (2) internal heat sources nonuni­
formly distributed over the droplet volume are taken 
into account, and (3) the temperature dependence of 
viscosity has the exponential-power form.
It is assumed that the density, thermal conductivity 
coefficient, and the heat capacity o f liquids outside and 
inside the droplet are constant; the thermal conductivity 
coefficient o f the droplet exceeds that o f the surround­
ing liquid, and the surface tension coefficient is an arbi­
trary function o f temperature (a  = o(I)).  A fairly slow 
droplet motion is treated, when the values o f the Rey­
nolds and Peclet numbers are small. The droplet retains 
the spherical shape (the droplet deformation will be 
treated below). The problem is axisymmetric relative to 
the z-axis passing through the droplet center in parallel 
with the external temperature gradient.
The presence o f heat sources (sinks) inside the drop­
let brings about a considerable difference between the 
average temperature o f the droplet surface and the tem­
perature o f the surrounding liquid away from the drop­
let. The heating of the droplet surface may affect the 
thermal characteristics of the surrounding liquid and
the distribution o f the velocity and pressure fields in its 
neighborhood. Because it is only the viscosity coeffi­
cient of liquid that depends on temperature [7], we will 
take this dependence into account using the exponen­
tial-power formula which enables one to describe the 
variation o f viscosity in a wide temperature range with 
any desired accuracy,
1
T
r - '
where A  and F„ are constants, /'„ is the temperature of 
liquid away from the heated droplet, and |i„, =
Here and below, the subscripts e and / indicate the 
external liquid and the droplet, respectively. At Fn = 0, 
this formula may be reduced to the known Reynolds 
relation [7].
If  the coefficients F„ are disregarded, the relative 
error of determination o f viscosity by Eq. (1) may be as 
high as 40%. Given in Tables 1 and 2 for illustration are 
the values o f F„ for two liquids, namely, glycerin and 
water. The coefficients F„ were calculated using the 
Maple V mathematical software package (the dynamic 
viscosity |xcalc was calculated by formula (1)) and com­
pared with the experimentally obtained values of 
dynamic viscosity |iexp. One can see that the relative 
error does not exceed 3%.
At k, > k c. the droplet motion will proceed with 
small temperature differences in the droplet volume, 
and the viscosity coefficient o f the droplet may be 
assumed to be constant. The boundary conditions 
(given by Eq. (5) below) on the droplet surface (r = R) 
include the equality o f the temperatures, the continuity 
of the heat fluxes, the difference between the tangential
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Table 1. Comparison of the calculated and experimentally 
obtained values of the coefficient of dynamic viscosity for 
glycerin
A = 17.29, F 1 = 1.228, F2 = 7.022, 7^=  303 K
o o M'calc (Pa s) M.\p (Pa s)
Kale Mcxpl x  10()% 
Mexp
30 0.600000 0.600 0.00
40 0.327979 0.330 0.61
50 0.182001 0.180 1.11
60 0.102619 0.102 0.60
70 0.058797 0.059 0.34
80 0.034212 0.035 2.25
90 0.020189 0.021 3.86
Table 2. Comparison of the calculated and experimentally 
obtained values of the coefficient of dynamic viscosity for 
water
A = 5.779, Fj = - 2.318, F 2 = 9.118, 7L = 273 K
o O M.aL (Pa S) M.\p (Pa s)
(M'calc — M'expl xl()()%  
M-exp
0 0.0017525 0.0017525 0.00
10 0.0013151 0.0012992 1.22
20 0.0010089 0.0010015 0.74
30 0.0007943 0.0007971 0.35
40 0.0006433 0.0006513 1.22
50 0.0005359 0.0005441 1.51
60 0.0004581 0.0004630 1.06
70 0.0004002 0.0004005 0.07
80 0.0003556 0.0003509 1.35
90 0.0003199 0.0003113 2.76
velocities for the internal and external media, and the 
continuity of the tangential components o f the stress 
tensor.
We will select the origin o f fixed coordinates in an 
instantaneous position o f the center of a spherical drop­
let o f radius R. Within the assumptions made, the equa­
tions and boundary conditions for velocity and temper­
ature in spherical coordinates will be written as [8, 9]
dh  = AL
dxk a x , r eU x ,  i
di \ U a = 0,
PeC,
M-iAf/; = VPj,  div Uj = 0, 
s(UeV ) T e = XeA T e, AT, = - q J K
(2)
(3)
(4)
r = R, T =  T;.
d T e _ dT,
~ ^ 3 7 ’
l fr = U\ = - U  COS0,  Ul =  U'v
dry 3 0
1 dodT j  
rdT,dG
(5)
dry dO
-*oo, Ue — ► 0, P e ^ P x , 
Te — ►77oo+|V77|rcos0 ,
0, I U\ ^  °° Pi
(6)
(7)
Here, P  is the pressure; R  is the droplet radius; p is 
the density; T  is the temperature; k  is the thermal con­
ductivity coefficient; xk denotes Cartesian coordinates; 
Uj. denotes components o f the mass velocity U; q, is the 
density o f heat sources inside the droplet, depending on 
the spherical coordinates r and 0 (0 < 0 < n); |V2"| is the 
preassigned constant temperature gradient at a large 
distance from the droplet, parallel to the axis 0z; and cpe 
is the heat capacity at constant pressure.
The determining parameters o f the problem include 
the constant quantities pe, |i,„, k e, and cpe and the values 
of R, |V7'|. and U. Three dimensionless combinations 
may be made up o f these parameters: e = R\VT\/T„ <s? 1 
characterizing the temperature difference over the parti­
cle diameter and the Reynolds and Peclet numbers [9].
We will render Eqs. (2)-(4) and boundary condi­
tions (5)-(7) dimensionless by introducing the dimen­
sionless velocity, temperature, and pressure as follows: 
Vk = Uk/U, tk = Tk/T„, andp k = Pk/P„ (1\. = (\iJ/)/R,  k  = 
e, i). Here, the droplet radius R  serves as the unit o f dis­
tance variation, /'„ as the unit o f temperature, as the 
unit o f pressure, and U as the unit o f velocity where 
t /~ ( |^ |V r | | / ( p er j ) .
The motion o f nonuniformly heated droplets in a 
viscous medium under the effect o f the external temper­
ature gradient brings about the emergence o f tangential 
stresses on the droplet surface as a result of variation of 
the surface tension coefficient with temperature. Note 
that this is the first ever attempt at estimating the effect 
o f the motion o f the medium on the thermocapillary 
force acting on a nonuniformly heated droplet in a vis­
cous liquid.
TEMPERATURE FIELDS OUTSIDE AND INSIDE 
A HEATED DROPLET
In order to find the force acting on a nonuniformly 
heated droplet and the velocity o f its motion, one must 
determine the temperature fields outside and inside the 
droplet. For this purpose, we will solve Eq. (4) with rel­
evant boundary conditions. The distribution o f temper-
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ature inside a nonuniformly heated droplet will be performed the solution o f the problem in a first approx-
sought in the form
tt(y,Q) = cosO), (8)
n = 0
where y  = r/R, tin(y) is a function dependent on the 
radial coordinate, and P„(cos 9) denotes Legendre poly­
nomials.
We substitute Eq. (8) into the second one o f Eqs. (4), 
divide the variables, and use the properties o f orthogo­
nality o f Legendre polynomials to derive the following 
solution for the function tin(y) satisfying the condition 
o f finiteness o f solution at r — ► 0:
imation in e; therefore, we have
te(y ,9) = te0(y) + Etel(y, 0 ) ,  tel = TOO cosO. (13)
We substitute expressions (13) into Eq. (12) to 
derive the following set o f equations:
y  teO ho?
y ^ ° ° ,  t,
and, accordingly,
tin(y) = i Bny n + l
( In  + \ ) y n
- \ y n(y)yn4y
p  ye<Ko =  ^
A Aoo v r ~\ e\ 5
ày
(9)
1
I n  + 1
« f ¥ n ( j )  1 I f  / \ « 7
y  \ ^ T T dy -  —  Wn(y)y ày 
, y  y  ,
y  = i, tel = tn .
y  —  oo, t .e\
i dtei _  dtn 
 ► J C O S 0 .
(14)
(15)
(16)
(17)
(18) 
(19)
Here, \\fn(y) = ~  j-î 9,Pn(cosQ)d(œsQ).2n + 1 r+i The general solution o f Eq. (14) satisfying the 
boundary conditions given by Eqs. (15) and (16) in
The force acting on a nonuniformly heated droplet view of Eq. (10) will have the form
is determined by integration of the stress tensor over the 
particle surface [9]. Therefore, in what follows, we use 
expressions for the functions ti0(y) and ta(y) which have 
the form
t j y )  = (l +Ï) (20)
t,o(y) = 1 B0 + 14?zRTx Xty \ q , d v
where y = ts -  1 is the dimensionless parameter charac­
terizing the temperature difference between the droplet 
surface and the region away from it, and ts = TJT, 
where Ts is the average temperature o f the droplet sur- 
(10) face defined by the formula
T
—  = 1
1
4 nR K T ,
■jq,dV. (21)
4 n R 2r xX,y2
jq,zc/V
- y  y
fVi 1 f
y  ~ dy  ~ ~2 Viy dy  
. y  y
( 1 1 )
In Eqs. (10) and (11), the integration is performed form 
over the entire volume of the heated droplet, z = rcos©.
In spherical coordinates, the equation describing the 
temperature distribution outside a heated particle has 
the form
In Eq. (21), the integration is performed over the 
entire volume of the heated droplet.
At Xe < k, in the dynamic viscosity coefficient, one 
can ignore the dependence with respect to the angle 0 
in a droplet-liquid medium system and assume that 
|ie(7j = |ie(/e0). In view o f this, expression (1) takes the
|ie = ix^expj - A ^ (22)
eP r f  Ve—  + — — ) = At  
\ rdy y d d )
where Pr„, = |xjc / ke is the Prandtl number.
In what follows, formula (22) is used in finding the 
(12) fields of velocity and pressure in the neighborhood of 
the heated droplet.
One can see in Eq. (17) that, in order to determine
The expression for te in the general case may be rep- tel and, accordingly, the temperature field outside the
resented in the form o f series expansion in e. We have droplet, one must first find the velocity field.
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DETERMINING THE FORCE AND VELOCITY 
OF DRIFT OF HEATED DROPLET
The form o f the boundary conditions at infinity 
given by Eqs. (6) makes possible the search o f expres­
sions for Vr, VQ, and p  in the form
G\.
Vr = G(y)  cos0, Vg = - g (y )  sin0, 
P = p 0 + Hy)cosQ,
S„ = A F n_x -n F „  -  £ s n- kF k,
(23) k= 1
F 0 = 1 , F n at n<  0 are zero.
In Eq. (25), Glk , (/) ', and G™ are the first, second,
where G(y), g(y), and h(y) are functions dependent on 
y. After the substitution o f Eqs. (23) into (2) and (3), 
inclusion o f Eq. (22), and subsequent elimination o f and third derivatives with respect to y  o f the respective
pressure, the set o f equations in partial derivatives (2) functlons {k = l 2 ). The values o f the coefficients
and (3) may be reduced to a set of ordinary differential
equations analogous to that in [ 10]. As a result, we have and A^2) are found using the recurrent relations
the following expression for the components of mass 
velocity and pressure:
K ( y ^ )  = cosG^jGj + A 2G2), 
r e(y, 0) = -sin0(v41G3 + A 2G4), (24)
P e(y, 0) = 1 + r |ecos0O41G5+,42G6) (r| = | i / | i j ,  
V’r(y , e )  = cosO(A3 + A4y 2),
K ( y , 0 )  = - sm Q ( A 3 + 2A4y 2), (25)
Pi(y, 6) = Po + lOr)!c o s0 j2^ 44,
where
G, = - hiy  n - M  + 3 )y
g 3 = G l + y-G \ , g 4 -  g 2 + ^ g \,
G, = - ïi >(2 )y „=()(n + l )y
“ X
y  n = 0
(« + 3) ln|  - -  1
/ I ^  \ 2 ft ^(n + 3) y
y  I G5 = irG ,  + j
V
1 °° nl y  5 L
9 n n
« = 0 J7
/ ft
2
y
n
G Ï,
y
G
(26)
/
^  _  y  /-»ni , G6 -  j G 2 + j
1 °° n
-Y s I-9 Z j  " n
V o
G -
a !1) = -
l
■ ^ [(H  + 4 -fc )
« ( «  + 5)•
k  =  1
x { a [ %  + 5 -  fc )-a [2)} + a[3)]Y *A ^ t ( « > 1), 
1A(2) = -
(« + 3)(h -  2)
ö a ^ V + £ { ( «  + 2 - £ )
(27)
x  [ (« + 3 -  ^ )a [ !) -  a [2)] + a [3) } y*A ^*
■ {(2n  + 5 -  2k)a lp  -  a [2)}Y*A^*.
k  =  0
( « > 3 ) .
In calculating the coefficients A^1) and A^2) by for­
mulas (27), one must take into account the fact that
k(D = 
„(3) -
Aq1; = - 3 ,  A f  = - 1 ,  A ^  = 1,,(2) _ a i1’ = 1,
a y: ! = 2 A F n_l - 2 ( 2  + n)F„, a<3) = -4
a  ™ = F n, a {2) = ( 4 - n ) F n + A F n_u 
A(i2) = -y [6 a i4) + 2 (3 a (11) -  a f ’) + a f 0],
a l4) = A"/n\, a[,4) = 1, a[,2) = 4,
a  = y ^ { - 6y a 24) + [3 (4 a (11) -  a f ’) + a f ’jA f ’
-  [ 2 ( 3 -  a f ’) + a f ’ly }.
We substitute Eq. (24) into (17) to derive the follow­
ing equation for the function le,:
A t el = ~ —2f ( y )  COS0.
y
Here,/(y ) = (A1G1 + A 2G2) and co = Pr„y.
(28)
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The general solution o f Eq. (28) satisfying the 
boundary condition at r — ► “  has the form
‘ e l
y k= 1
xi(j ) = - i x
y  „ = 0 (n + l ) ( n + 3)(n + A)y
>(2 )1 1  A 
■hW  = - -  -  j  + -gVln>’
L (2)
(29)
“ X
y  n = 0
, (n2- l ) ( n  + 2 )yn
(n+  l)(«  + 3)(« + 4 ) ln -
- ( 3 «  + 16« + 19)
(n + 1 )2(n + 3 )2(n + 4 )2 y n
The integration constant T  is determined from the 
boundary conditions on the surface o f a nonuniformly 
heated droplet given by Eq. (18),
r  =
Sl47ti?2^ r t
-j'qtzdV
k= 1
F  = e ( F t + F q),
F t = - 6 n R \ l xf tnz, F  = - è n R ^ f  J n z.
(30)
The values o f the coefficients f  and f q may be esti­
mated by the formulas
I s
8 = 1 + 2 -2 ,
K
i w . K
3G ^( 1 ^
J  = I j qtz d V , V = A- k R \
f- -
(31)
A = N x + ^ N 2 ■
2pej?(Q X6e d a  
3 ^
(G 20 1- G 10 2),
O t = 2xt - x t .
Here, 8 = 1 + 2 ^  and cp*. = xk -  where the
superscript I indicates the first derivative in y  o f the 
function xk.
As a result, the temperature fields outside and inside 
a nonuniformly heated droplet are determined. Conse­
quently, one can determine the integration constan ts^ , 
A 2, A 3. and A4 entering the expressions for velocity (24) 
and (25). After this, we can find the force acting on the 
nonuniformly heated droplet and the velocity o f its 
motion. The force acting on the droplet is determined 
by integration of the stress tensor over the particle sur­
face [9] and will be made up of the force Ft proportional 
to the external temperature gradient and the force Fq 
due to the nonunformity of distribution of the density of 
heat sources over the droplet volume and proportional 
to J,
Here, k  = 1, 2; nz is a unit vector in the direction of 
the z-axis: j v qfzdV  is the dipole moment of the density 
of heat sources; and the functions O h 0 2, G h G2,N 1,N2, 
N3, and Na are determined aty  = 1 (Nl = (G, Gl2 -  G2 G \ ),
N4 = (2G\ + G1/ ) N3 = - G \ , N 2 = [G2(2G\ + G ?) -
GX(2G2 + G2 )]). In estimating the coefficients f  and f r 
one must take into account that the values o f the physi­
cal quantities with the subscript 5 are determined for the 
average temperature of the droplet surface Ts calculated 
by formula (21).
Expression (30) indicates that the magnitude o f the 
thermocapillary force in the field o f the external preas­
signed temperature gradient will be affected by the 
variation o f the surface tension coefficient o f the drop­
let with temperature and the nonuniform distribution of 
the density of heat sources in the particle volume and of 
the motion o f the medium (the expression proportional 
to co = Pr„;y). The convection term depends on the aver­
age temperature o f the droplet surface and on the 
Prandtl number, i.e., is proportional to the product of 
the Prandtl number by the relative temperature differ­
ence between the droplet surface and the region away 
from it. In view of the fact that the problem may be 
solved for considerable differences in liquid tempera­
ture and that the Prandtl number may take high values, 
the inclusion o f convective terms in the heat equation 
may have a considerable effect on the magnitude o f the 
thermocapillary force. In the case o f gases, the inclu­
sion of the motion o f the medium cannot have a quali­
tative effect on the force, because the Prandtl number in 
gas is o f the order of unity.
In the case when the heating o f the droplet surface is 
fairly low, i.e., the average temperature o f the droplet
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Table 3. Comparison of the cp, and cpf functions calculated 
in view of and disregarding the motion of the medium
Co 
J O o <P/ <Pf
0 1 1
10 0.7765287 0.8070467
20 0.5898698 0.6373528
30 0.4427460 0.4976188
40 0.3298598 0.3859649
50 0.2455074 0.2993985
60 0.1822527 0.2319948
70 0.1352527 0.1800407
80 0.1001674 0.1397424
90 0.0740130 0.1084872
surface differs little from the ambient temperature at 
infinity (y — »- 0), the temperature dependence o f the 
viscosity coefficient may be ignored and, consequently,
Gl = 1, G\ = -3 ,  G? = 12, G2 = 1 , G2 = -1 , G2 = 2, 
TVi = 2 , N 2 = 6, N3 = 3, and N4 = 6. With = 0 and CO = 
0, formula (30) transforms to the expression for ther­
mocapillary force obtained in [1, 5].
Given the distribution o f heat sources over the vol­
ume, formula (30) enables one to include the effect of 
the motion of the medium on the magnitude o f the ther­
mocapillary force acting on a heated droplet under con­
ditions of arbitrary temperature differences between the 
particle surface and the region away from it, with due 
regard for the exponential-power form o f the tempera­
ture dependence o f viscosity in the external field o f the 
temperature gradient.
Formulas (30) and (31) further indicate that the ther­
mocapillary force will be affected by the magnitude 
and direction o f the dipole moment o f the density of
heat sources ^ v qtzdV.
For example, if  the heating o f the droplet surface 
occurs due to the absorption o f electromagnetic radia­
tion, the dipole moment may be both positive (most of 
the thermal energy released in the particle part facing 
the radiation flux) and negative (most o f the thermal 
energy released in the shadow part o f the particle), 
which depends on the optical properties o f the droplet. 
In view o f the fact that, for the majority o f liquids, the 
surface tension decreases with temperature, i.e.,
dc/dtj < 0, the quantity J (, q, zdV  may be both positive
and negative. Consequently, the overall thermocapil­
lary force will also vary.
In addition, one can see from formulas (30) and (31) 
that the latter force depends considerably on the ther­
mal conductivity o f the droplet as well. With tending 
to infinity, this force (with the fixed magnitude of the
dipole moment o f the density o f heat sources) tends to 
zero.
DEFORMATION OF THE DROPLET SURFACE 
SHAPE
The shape of the droplet surface is not known 
beforehand and must be determined from the solution; 
therefore, the boundary conditions given by Eqs. (5)-
(7) for the problem being treated are preassigned on the 
unknown boundary. Because the problem is solved with 
corrections o f the first order of smallness, one can write
c = a0 + £C(1), (32)
where a 0 is zero term in the expansion o f the function 
c(x) in terms o f Legendre polynomials P„(x), x = cosO.
We seek the shape o f the droplet surface in the form
[8]
r = R[ 1 + e ^ ] .  (33)
We will expand the sought quantities c(9) and q(0) 
in series in terms o f Legendre polynomials,
a  = X 0 " ^ 0080)’ ^ = X ^ ( c o s 0 ) .  (34)
n  =  0  n  =  0
It follows from the condition of constancy o f the 
droplet volume that q0 = 0. In view of the fact that the 
origin o f coordinates is placed at the center o f mass of 
the heated particle, we have
1Z
j^ s in 20t/0 = 0, (35)
0
S i = 0 .  (36)
The problem was solved disregarding the boundary 
condition for the normal components o f the stress ten­
sor. Within the terms proportional to e, the boundary 
condition for normal stresses on the droplet surface 
may be written as [9]
( i )
< (1)- < (1) = a 0i / (1) + 2 ^ .  (37)
Here, 2H  = \  R 1 and R2 are the
R 1 R 2 R
principal radii o f curvature o f the droplet surface; and 
H  is the average surface curvature which, in the axi- 
symmetric case, is [9]
H"' = - ¥ - R h U sml) I )  (38)
THE EFFECT OF THE MEDIUM
We use Eqs. (34) and (36) to transform expression 
(38) to
^ „  =  ^ (»  +  2 K B - 1 ) W c o s 9 )  (39)
n  =  2
With due regard for Eq. (39), Eq. (37) indicates that, 
in the approximation being treated, a nonuniformly 
heated droplet during its motion retains the spherical 
shape.
The calculation results characterizing the effect of 
the motion o f the medium on the thermocapillary force 
are given in Table 3. The numerical estimates relate the 
values o f (p, = |7 = 273 K to the average surface tem­
perature Ts o f large mercury droplets o f radius R = 
10-5 m moving in water at / ’„ = 273 K. The cpf function 
is constructed disregarding the motion o f the medium 
(oo = 0).
The numerical estimates indicate that the motion of 
the medium may have a considerable effect on the mag­
nitude and direction o f the thermocapillary force.
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